Abstract: This paper investigates the application of semi-active inerter in semi-active suspension. A semi-active inerter is defined as an inerter whose inertance can be adjusted within a finite bandwidth by on-line control actions. A force-tracking approach to designing semi-active suspension with a semi-active inerter and a semi-active damper is proposed, where the target active control force derived by LQR control in the "Reciprocal State-Space" (RSS) framework is tracked by controlling the semi-active damping coefficient and semi-active inertance. One of the advantages of the proposed method is that it is straightforward to use the acceleration information in the controller design. Simulation results demonstrate that the semi-active suspension with a semi-active inerter and a semi-active damper can track the target active control force much better than the conventional semi-active suspension (which only contains a semi-active damper) does. As a consequence, the overall performance in ride comfort, suspension deflection and road holding is improved, which effectively demonstrates the necessity and the benefit of introducing semi-active inerter in vehicle suspension.
INTRODUCTION
In vehicle suspension, several conflicting purposes are served, where the most basic one is to isolate the vehicle body from road irregularities within a small suspension deflection while maintaining the tyres adhering to the road permanently (Gao, Sun, & Shi (2010) ; Gao, Lam, & Wang (2006) ; Du, Sze, & Lam (2005) ). The ability of passive suspensions to handle such a conflict is limited since the passive element coefficients (spring stiffness, damping coefficient and inertance (Smith (2002) )) cannot be adjusted by on-line control actions. In contrast, active suspensions can improve the overall performance simultaneously (Du & Zhang (2007 ). However, the high level of energy consumption prevents it from being extensively used in practice. Semi-active suspension achieves a good comprise between the hight cost of energy consumption and the performances by making the spring stiffness and the damping coefficient controllable (Du, Sze, & Lam (2005) ). For more details of these three types of suspension, see (Gao, Sun, & Shi (2010) ; Gao, Lam, & Wang (2006) ; Du, Sze, & Lam (2005) ; Du & Zhang (2007 ; Li et al. (2012) ) and references therein.
The concept of inerter is introduced in (Smith (2002) ), which is defined as a mechanical two-terminal device with the property that the equal and oppose forces applied at its two terminals are proportional to the relative acceleration between them (Smith (2002) ; Chen et al. (2009) ). The applications of inerter in various mechanical structures have been investigated (Smith & Wang (2004) ; Chen, Hu, & Du (2012) ; Chen et al. (2014) ), where the benefits of employing inerter have been well demonstrated. The interest in passive network synthesis has also been rekindled (Chen & Smith (2008 , 2009a ; Wang, & Chen (2012) ; Chen et al. (2013) ; Wang, Chen, & Hu (2014) ).
Note that for all the applications of inerter so far, the inerter is applied as a passive element, in the sense that, the inertance cannot be adjusted by on-line control actions. Considering the significant improvements of employing controllable dampers in vehicle suspension, in this paper we will investigate the benefits of introducing a controllable inerter in vehicle suspension. Here, the controllable inerter or semi-active inerter is defined as an inerter whose inertance can be adjusted within a finite bandwidth.
The semi-active inerter can be viewed as a mechanical component just like the passive inerter in (Smith (2002) ), and its realization is only one part of the research on it. However, another equally important aspect is to demonstrate the necessity of introducing a semi-active inerter in the first place, which is the main focus of this paper. A force-tracking strategy in designing semi-active suspension with a semi-active inerter and a semi-active damper is proposed. This force-tracking strategy consists of two parts: a target active control law is first provided and then tracked on-line by controlling the coefficients of the employed semi-active inerter and the semi-active damper. To directly use the acceleration information, the target active control law is designed based on the statederivative feedback control approach in the "Reciprocal State-Space"(RSS) framework (Tseng (1997) ).
The organization of this paper is as follows. In Section 2, the optimal solution to a general performance index for LQR control in the RSS framework is derived. In Section 3, the force-tracking strategy for semi-active suspension is illustrated based on a quarter-car model. Numerical simulations are performed in Section 4. Conclusions are drawn in Section 5.
RSS FRAMEWORK AND STATE-DERIVATIVE FEEDBACK CONTROL

Overview of state-derivative feedback control
Traditionally, for a vibration system, the State-Space (SS) representation can be obtained aṡ
where x is the state variable and u is the control input vector. If full state feedback control is employed, the control input u can be written as u = −Kx.
(2) Note that only displacement and velocity information is contained in the state variable x. To directly implement acceleration information, it is straightforward to use the state-derivativeẋ, where acceleration information is contained in the feedback controller design. Therefore, the RSS framework introduced in (Tseng (1997) ; Kwak, Washington, & Yedavalli (2002) ; Duan, Ni, & Ko (2005) ) can be employed as follows:
LQR control in the RSS framework with a general performance index
In the SS framework, the general performance index in LQR control can be defined as
where Q ′ , N ′ , and R ′ satisfy the general assumptions in LQR control (Zhou, Doyle, & Glover (1996) ). Substituting (3) into (5), one can obtain the equivalent index in RSS framework as
where
Note that in the existing works about LQR control in RSS framework (Kwak, Washington, & Yedavalli (2002) ; Duan, Ni, & Ko (2005) ), the performance index is always defined in a nonstandard form without the cross product term as
In this paper, the general performance index (6) will be adopted and the optimal solution is derived as follows: Theorem 1. Consider the performance index (6) in the RSS framework (3). The full-state-derivative feedback gain matrix K in (4) that minimizes (6) can be obtained as
where P is solved from
Proof. The proof is omitted for brevity. Remark 1. It is well known that there exists an unique optimal feedback control law u SS to minimize (5) (Zhou, Doyle, & Glover (1996) ):
(11) Denote the state-derivative feedback control law derived in Theorem 1 in the RSS framework by
If the performance indexes (6) and (5) are equivalent, that is, satisfying (7), then the optimal control law is unique, the following equations hold:
Remark 1 indicates that by considering the general performance index (6), one can derive the equivalent optimal control law in the RSS framework with the one in the SS framework without any loss of generality, while the merit in the RSS framework is preserved that accelerations are directly used for feedback.
SEMI-ACTIVE SUSPENSION BY FORCE-TRACKING STRATEGY
In this section, a force-tracking methodology is proposed to design semi-active suspension with a semi-active inerter and a semi-active damper in the RSS framework.
Quarter-car model
The equations of motion for the quarter-car model as shown in Fig. 1 are given by
where m s and m u are the sprung mass and the unsprung mass, respectively, k s , k t are the spring stiffnesses, z s , z u , z r are the displacements of the sprung mass, the unsprung mass and the road in the vertical direction, and u is the suspension actuator force, which is equal to u a or u s for active suspension or semi-active suspension, respectively. In this paper, a first-order actuator model in (Savaresi et al. (2010) ) is employed to represent the finite-bandwidth property of the employed actuators, aṡ
where the bandwidths of semi-active damper and semiactive inerter are assumed to be identically 30 Hz.
T , the model in the SS framework can be written aṡ
Then, the model in RSS framework can be obtained as
In this paper, the accelerations and suspension force are assumed to be measured. For the quarter-car model, the sprung mass acceleration (z s ), suspension deflection (z s − z u ) and tyre deflection (z u − z r ), representing ride comfort, suspension working space and road holding performance, respectively, are most considered in vehicle suspension design. Hence, the controlled output z is defined as
with
where G(1, :) and G(3, :) denote the first and the third rows of G, while H(1) and H(3) denote the first and the third elements of H, respectively.
The performance index is defined as
where Q 0 is the weighting matrix determined by the designer defined as
Target active control law
In this paper, LQR control in the RSS framework given in Theorem 1 is employed as the target active control law. For the quarter car model shown in (18) and the performance index defined in (20), the target active control law is
where K is solved from (9) and (10).
Since the derivative of suspension force u is unmeasurable, the control law (21) is rewritten as
T . Substituting (16) into (22), one obtains
Force-tracking strategy
To approximate the target active control law (23), an optimization problem will be solved at each time instant: min
where u a (t) is given in (23), and
Denote a(t) =z s (t) −z u (t) and v(t) =ż s (t) −ż u (t), and
Note that u s max (t) and u s min (t) represent the maximal and the minimal achievable forces of the semi-active suspension at time instant t, respectively. The explicit control law at each time instant can be obtained as
, others. For the third case in (26), the inertance b(t) and damping coefficient c(t) are obtained as
where u b (t) = a(t)b(t) and u c (t) = v(t)c(t) are the forces generated by the semi-active inerter and the semi-active damper, respectively, and
If v(t) ̸ = 0 and a(t) ̸ = 0, then c(t) = u c (t)/v(t) and b(t) = u b (t)/a(t). If either v(t) or a(t)
is equal to zero, the damping coefficient or inertance is set to be the minimum value correspondingly.
Note that if only a semi-active damper is employed, that is, b(t) = 0 all the time, the control law (26) reduces to the "clipped optimal" control for the conventional semi-active suspension. Accordingly, if c(t) = 0 all the time, that is, only a semi-active inerter is employed, then a sub-optimal control law can be derived similarly by saturating u a (t) between u b min and u b max . Now, three semi-active suspension schemes have been derived for three cases based on whether a semi-active inerter and a semi-active damper are employed or not, as summarized in Table 1 . 
, hold by carefully choosing c(t) and b(t), respectively. This means that for the same target active control law, the suspension force of Semi-I & D suspension are much more likely to be equal to the target active force than Semi-I and Semi-D suspensions do. Hence, the Semi-I & D suspension has the potential to improve suspension performance in comparison with the other two suspensions, which will be demonstrated in the following sections.
SIMULATION RESULT
In this section, numerical simulation is carried out based on a quarter-car model of a passenger sedan in (Rajamani (2005) ), the parameters of which are shown in Table 2 . The weighting factors in (20) are ρ 1 = 1, ρ 2 = 1000, ρ 3 = 100000, r = 1 × 10 −6 . Two types of road profiles will be employed to test the performance of the proposed semi-active suspension. For the parameters in Table 2 and weighting factors in (20), the passive suspension with the optimal passive damping coefficient 2110.92 Ns/m is employed for comparison. 
Bump test
A single bump taken from (Hać (1992) ) is described below 
Random road profile test
Typical random road profiles can be described with spectral density as 
where Ω is the wave number with unit [rad/m] and Φ 0 = Φ(Ω 0 ) in [m 2 /(rad/m)] is the value of the Power Spectral Density (PSD) at Ω 0 = 1 rad/m. ω denotes the waviness, where ω = 2 for most of the road surface. As suggested by the International Organization for Standardization (ISO) (ISO8608 (1995) ), typical road profiles based on the value of Φ 0 are formulated denoted as Class A to Class E as shown in Table 3 . Each road profile can be realized by using the shaping filter method (Tyan et al. (2009) ) as descried below:ż
where the white noise process w(t) with the spectral density Ψ w = 2αV σ 2 is assumed to pass through a linear filter and V is the vehicle forward speed. The correspondence between the parameters σ and α in the linear filter and the ISO standard are shown in Table 3 (see (Tyan et al. (2009) 
) for details).
For the random road profile, the following quantitative performance indexes are defined to represent ride comfort, suspension working space and road holding, respectively:
where T is the simulation time. To reflect the total performance J in (20), the root mean value of J (RM.J) is defined as
To reflect the tracing ability of these three semi-active suspensions, the RMS force tracking error u e is defined as
In this paper, the simulation time T = 50 s is used and the Class B and Class D roads are employed for the following simulation. The results are shown in Table 4 . It is clear that Semi-I & D suspension performs better than both Semi-D and Semi-I suspensions, which effectively demonstrates the benefits of the proposed semi-active inerter. Table 4 shows that ride comfort and suspension working 
CONCLUSIONS
This paper has investigated the application of semi-active inerter in semi-active suspension. The concept of semiactive inerter has been defined based on the concept of passive inerter. Meanwhile, a force-tracking method to design semi-active suspension with a semi-active inerter and a semi-active damper has also been proposed. In the first part of this paper, the optimal solution with respect to a general performance index for LQR control in the RSS framework was derived. It was shown that by using the general performance index in the RSS framework, it is possible to design optimal controller in the RSS framework, which is equivalent to the one in the SS framework. In the second part, a force-tracking algorithm was derived to adjust inertance and damping coefficients of the semi-active inerters and the semi-active dampers. Numerical simulations demonstrated that the semi-active suspension with a semi-active inerter and a semi-active damper can approximate the target active control force much better than the conventional strut (which only contains a semi-active damper) does. As a result, better performance was obtained, which effectively demonstrated the necessity and benefit of employing semi-active inerter in vehicle suspension. In addition, since only accelerations and suspension forces were measured in the proposed semiactive suspension, the noise amplification issue caused by differentiation was avoided and it was easy to implement the proposed method in practice.
